On the basis of ab initio density functional theory (DFT) calculations, we derive the underlying microscopic model Hamiltonian for TiOCl, a unique system that shows two consecutive phase transitions from a Mott insulator to a spin-Peierls insulator through a structurally incommensurate phase. We show with our model that the presence of magnetic frustration in TiOCl leads to a competition with the spin-Peierls distortion, which results in the novel incommensurate phase. In addition, our calculations indicate that the spin-Peierls state is triggered by adiabatic phonons, which is essential for understanding the nature of the phase transition.
I. INTRODUCTION
Mott insulators are materials which owe their insulating properties to strong electron correlations 1 . In practice, the Mott state is unstable to residual interactions 2 and in one dimension the dominant instability is the doubling of the unit cell via the coupling of spins to phonons, so called the spin-Peierls transition 3 .
With the discovery in the early nineties of the first inorganic spin-Peierls material, CuGeO 3 4 , followed by NaV 2 O 5 5 a large amount of work 6 was devoted to the understanding of the complexity of this instability when additional degrees of freedom like next nearest neighbor interactions (CuGeO 3 ) or charge disproportionation (NaV 2 O 5 ) are involved. Moreover, commensurate to structurally incommensurate transitions were observed in TTF-CuBDT 7 and CuGeO 3 8,9 when a strong magnetic field is applied.
Recently, the anomalous behavior of TiOCl 10, 11, 12 the third inorganic spin-Peierls compound with highest transition temperature and largest lattice distortion yethas provoked a new debate. Upon cooling, TiOCl undergoes two consecutive phase transitions at T c2 = 92 K and T c1 = 66 K of second and first order, respectively. These two temperatures separate a paramagnetic Mott insulator at high temperatures (T > T c2 ) from a non-magnetic dimerized spin-Peierls state at low temperatures (T < T c1 ). In the intermediate region T c1 < T < T c2 , TiOCl shows structural incommensurabilities 13, 14, 15, 16 . The observation of such a phase without the need of applying a magnetic field is unprecedented, making the study of TiOCl compelling since this phase must be a result of the subtle competition between all interactions present in the material.
TiOCl is also unconventional in the size of the distortion η = 0.18Å observed between neighboring Ti atoms along b 13, 14 in the dimerized phase in contrast to e.g. polyacetylene where η = 0.08Å
17 . Moreover, the characteristic frequency of the spin-Peierls phonon Ω 0 ≃ 27 meV is comparable to the spin excitation gap ∆ ≃ 21 meV associated with the static dimerization in TiOCl for T < T c1
16 . This indicates that the anomalous spin-Peierls transition might be at the borderline between adiabatic (the phonons behave classically) and non-adiabatic (the quantum nature of the phonons is important for the phase transition) behavior 18, 19, 20 . Moreover, increasing interest in applying pressure to TiOCl 21, 22, 23, 24, 25 requires decent understanding of the phase transitions at ambient pressure.
Looking at the structure of TiOCl, this system consists of double layers of titanium (Ti) and oxygen (O) in the ab plane separated by chlorine (Cl) layers along the c direction 10,13,14 (see Fig. 1 (a) ). The Ti atoms form chains along b with intrachain coupling J b whose projection on the ab plane gives a triangular pattern ( Fig. 1 (c) and (d) ). It has been suggested in the past 13, 14, 15 that possible frustrating interchain interactions (J a within one layer and J c between layers) could be responsible for the existence of the intermediate structurally incommensurate phase with a temperature dependent modulation wave vector q = (q 1 , 0.5 + q 2 , 0)
13,14,16 , with 0 < q 1 , q 2 ≪ 0.5. But the mechanism driving the system to such a phase has not been demonstrated.
In this paper, we will demonstrate that the behavior of TiOCl can be described by a two-dimensional frustrated spin-Peierls model with large magnetoelastic coupling. We show that magnetic frustration 26 is responsible for the existence of a structurally incommensurate phase at T c1 < T < T c2 . Our results indicate that the spin-Peierls state is triggered by adiabatic phonons. The model parameters in our proposed model are calculated within ab initio density functional theory (DFT) by the Car-Parrinello projector augmented wave (CP-PAW) method 27 .
The paper is organized as follows: Section II describes the model we proposed and the details about how we determined the model parameters by DFT methods. In Section III we present our results of the model parameters and discuss the consistencies between our results derived from the proposed model and the experimental observations. The possible mechanism for the structural incommensurability without external magnetic field is also discussed and the nature of the phonons is determined. Finally in Section IV we present our conclusions. 
II. MODEL AND METHOD
The most general two-dimensional frustrated spinPeierls model for TiOCl can be written as follows:
where dξ ij,kl denote the displacements of the Ti ions in the ab plane dξ ij,kl = ξ ij,kl − ξ 0 ij,kl . Here, ξ ij,kl = |r ij − r kl | is the distance between two Ti ions and r ij = r 0 ij + u ij is the Ti position for T < T c1 ( Fig. 1 (d) ) obtained by adding a displacement u ij to the original Ti position r 0 ij for T > T c2 (Fig. 1 (c) ). α b and α c denote the spin-phonon couplings and K is the elastic constant. M b and M c are the effective masses obtained by weighted summation of the masses of Ti, O, and Cl atoms and P b,ij and P c,ij denote the momentum at site (i, j) along b and c respectively. Displacements along a are not included since they are absent in the low-symmetry structure 13, 14 . In order to obtain the model parameters from first principles analysis, a fully relaxed T > T c2 crystal structure is needed. Calculations with various functionals (generalized gradient approximation (GGA) and GGA+U) with the CP-PAW method showed that the lattice parameters as well as distances and angles from GGA+U are more consistent with experimental results than those from GGA, demonstrating the importance of including electron correlation effects for the description of the lattice properties of TiOCl 28, 29 , even if it is done at the simple level of GGA+U. Moreover, our CP-PAW calculations are all carefully checked to be fully converged with respect to the size of the basis set.
The magnetic exchange coupling constants J i = J b , J a , J c were obtained from total CP-PAW energy differences between the relevant ferromagnetic (FM) and antiferromagnetic (AFM) Ti spin configurations E FM − E AFM by relating them to the J i through mapping to the classical Heisenberg model. The determination of the spin-phonon couplings α b and α c was more elaborate. Out of the phonon spectrum of TiOCl for the high-symmetry (T > T c2 ) and the low-symmetry (dimerized) (T < T c1 ) phase 28 , the spin-Peierls phonon was identified and found to be degenerate in energy (A g and B u ). The displacement vector for the Ti atoms u spin-Peierls phonon, was then calculated by diagonalizing the dynamical matrix, where δ is the order parameter, with δ = 2 corresponding to the displacements of the Ti atoms in the dimerized phase. We obtained α c by calculating the difference in energy between the FM and a spin S = 2 AFM spin arrangement of the unit cell doubled in both b and c directions and distorted according to the displacement vectors u ij for δ = 2. α b was calculated analogously. We performed the calculations for various U values and found that J c and J a are always FM and relatively small compared to the exchange coupling J b ; the latter is always AFM and decreases monotonously as U increases, roughly fulfilling the relation J ∼ 1/U . We have also performed LAPW calculations with the WIEN2k 30 code to check these results and we obtain good agreement between both methods.
The elastic constant K was calculated by the expression E (δ) = E (0) + 0.0072N Kδ 2 /2 where N is the number of Ti ions in the unit cell and the numerical factor in the δ 2 term arises from the relationship between δ and dξ (see equation 4). E (δ) is the CP-PAW ground state energy obtained for distorted lattices according to the spin-Peierls u ij vectors given above. K was found to be almost independent of the choice of U .
III. RESULTS AND DISCUSSIONS
For the moderate value U = 1.65 eV 31 , we obtain the model parameters J b = 660.1 K, J c = −16.7 K, J a = −10.5 K, α b = 1.73Å −1 , α c = 8.86Å −1 and K = 0.292 eV/Å 2 . The reliability of these parameters is demonstrated by comparing the spin susceptibilities among single-, double-and triple-chain Heisenberg models calculated by exact diagonalization (see Fig. 2 (a) ). The behavior of the spin susceptibility at moderate to high temperatures remains almost unchanged when interchain couplings J c and J a are gradually introduced from single-to triple-chain models. This insensitivity of the susceptibility to the interchain couplings explains why initially TiOCl was described as a good realization of a one-dimensional spin 1/2 system 10 since the experimental data could be perfectly fitted to a one-dimensional spin 1/2 Heisenberg chain. Our results show that the experimental susceptibility is well described by a frustrated model. In contrast, a recent estimate of the magnetic interactions given by Macovez et al. 32 for TiOCl with J b = 353 K, J a = −7.4 K and J c = 40.8 K shows in our ED calculations considerable deviations from the experimental susceptibility as shown in Fig. 2 (b) .
The obtained values of J a and J c are the key for understanding the two consecutive phase transitions in TiOCl. The cooperation of J a and J c (2J c + J a = −43.9K) in competition with J b on a Ti site is in the range of energies where the incommensurability happens in the system (between T c1 = 66 K and T c1 = 92 K). Starting from the non-magnetic dimerized phase, this ferromagnetic interaction together with thermal fluctuations suppresses the formation of dimer states in favor of formation of spin 1/2 solitons leading to a structurally incommensurate phase. In Fig. 3 we present an illustration of the process. As temperature increases, the ferromagnetic coupling breaks the central spin zero dimer into a triplet state, and the neighboring spins get partially polarized. These spins feel the attraction (repulsion) of the central Ti S = 1/2 spins depending on whether their interaction is favorable (unfavorable) according to J a , J c and J b . Consequently, helped by the thermal fluctuations, the neighboring Ti atoms will displace towards (away from) the central spins (see Fig. 3 (b) ). This displacement will propagate to the next nearest neighbor atoms so that a sinusoidal atomic displacement (soliton) over many unit cells along the a and the b direction will appear, which defines the incommensurability along a and b observed experimentally.
The couplings in TiOCl reveal still further important features of the spin-Peierls phase transition. Since J b ≫ J a , J c , we can define a dimensionless magnetoelastic coupling constant, which uniquely determines the properties of the system, as λ = J b α 2 b /K with λ DFT = 0.58 as calculated from our model parameters for TiOCl. This value is significantly larger than λ = 0.32 for polyacetylene 17 . With λ we can now tackle the question whether the spinPeierls transition is adiabatic or non-adiabatic.
We analyze H b (equation (3) (i) using the mean field (MF) approximation after applying a Jordan-Wigner transformation and by (ii) performing exact diagonalization (ED) calculations for chains with up to 24 spins at T = 0. In Fig. 4 (a) , we show the distortion of the lattice η as a function of the coupling constant λ for the two calculations. The MF approximation predicts a λ MF ≈ 0.56 to induce the experimental distortion. Note that this λ MF is very close to our ab initio determined value λ DFT . ED results qualitatively agree with the MF results and predict a λ ED ≈ 0.64 to describe the experimental distortion. This agreement between λ DFT and λ MF or λ ED demonstrates the high degree of consistency in our calculations. In Fig. 4 (b) , we show the temperature dependence of the phase transition within the MF approach for different λ values. We observe that the spin-Peierls phase transition is of second order and the critical temperature T SP lies between 100 and 230 K depending on the choice of λ, which is not far away from the experimental T c2 . As is well known, inclusion of interchain couplings and strong correlation in the calculation further reduces T SP to the experimental value T c2 . We now consider H b (equation (3)) in the nonadiabatic limit. After quantizing the lattice degrees of freedom by introducing the phonon creation and annihilation operators and integrating out the phonon degrees of freedom, an effective J 1 -J 2 model is obtained, where 
is the bare phonon frequency). Since the ratio J 2 /J 1 < 0. 24 33 , non-adiabaticity will not affect the dimerization in TiOCl (in contrast to the situation in CuGeO 3 19,20 ). In fact, with our calculated model parameters, we find that Ω 0 /T SP ≈ 2 fulfills the condition Ω 0 /T SP < 2.2 20 for the occurrence of a soft phonon. Out of these two limiting calculations, we conclude that the main features of TiOCl can be well described in the adiabatic limit, in agreement with recent experiments 16 .
IV. CONCLUSIONS
The presented work shows that TiOCl is described by a frustrated spin-Peierls model on an anisotropic triangular lattice with intrachain AFM and interchain FM interactions and large magnetoelastic coupling. This is in contrast with previous suggestions on the magnetic interactions. With this model we can account for the Mott to spin-Peierls insulator phase transition in TiOCl and for the existence of intermediate zero-field structural incommensurabilities. This work also shows that the combination of ab initio DFT calculations with effective models is a powerful tool to describe the microscopics of this Mott insulator.
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